Left-handed materials are studied numerically using an improved version of the transfer-matrix method. The transmission, reflection, phase of reflection, and absorption are calculated and compared with experiments for both single split-ring resonators with negative permeability and left-handed materials, which have both the permittivity ⑀ and permeability negative. Our results suggest ways of positively identifying materials that have both ⑀ and negative, from materials that have either or ⑀ negative. DOI: 10.1103/PhysRevB.65.033401 PACS number͑s͒: 73.20.Mf, 41.20.Jb, 42.70.Qs Photonic band gap ͑PBG͒ structures were originally introduced to control the electromagnetic wave propagation of matter.
Photonic band gap ͑PBG͒ structures were originally introduced to control the electromagnetic wave propagation of matter.
1,2 Not only dielectric 1,2 but metallic structures [3] [4] [5] were proposed for applications in the microwave and infrared regions. Very recently, a new area of research, called left-handed materials ͑LHMs͒, has been introduced by Pendry et al. 6, 7 and Smith et al. 8 LHMs are by definition composites, whose properties are not determined by the fundamental physical properties of their constituents but by the shape and distribution of specific patterns included in them. Thus, for certain patterns and distribution, the measured effective permittivity ⑀ eff and the effective permeability eff can be made to be less than zero. In such materials, the phase and group velocity of an electromagnetic wave propagate in opposite directions giving rise to a number of novel properties. 9 This behavior has been called ''left-handedness,'' a term first used by Veselago 10 over 30 years ago, to describe the fact that the electric field, magnetic intensity and propagation vector are related by a left-handed rule.
By combining a two-dimensional ͑2D͒ array of split-ring resonators ͑SRRs͒ with a 2D array of wires, Smith et al. 8 demonstrated for the first time the existence of left-handed materials. Pendry et al. 7 has suggested that an array of SRRs give an effective eff , which can be negative close to its resonance frequency. It is also well known 3, 6 that an array of metallic wires behaves like a high-pass filter, which means that the effective dielectric constant is negative at low frequencies. Very recently, Shelby et al.
11 demonstrated experimentally that the index of refraction n is negative for a LHM. Also, Pendry 12 has suggested that a LHM with negative n can make a perfect lens.
In this paper, we present systematic numerical results for the transmission, reflection and absorption properties of lefthanded materials. An improved version of the transfer-matrix method 13 ͑TMM͒ is used. Qualitative agreement with experiments 8, 14 is obtained, and new predictions about the absorption and the phase of the reflection, to be checked experimentally, are presented.
The transfer-matrix method 13 is used to calculate the EM transmission and reflection of LHMs. In the TMM, we assume that the sample is connected with two semi-infinite leads ͑with ⑀ϭϭ1͒. The incident wave ͑say, from the right͒ is either reflected or transmitted through the sample. Then, the transfer matrix is defined by relating the incident fields on one side of the structure with the outgoing fields 15 
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Here t Ϫ (t ϩ ) is the transmission matrix for the wave incident from the right ͑left͒ of the slab and r Ϫ (r ϩ ) are corresponding reflection matrices. In numerical calculations, the total volume of the system is divided into small cells and fields in each cell are coupled to those in the neighboring cell. We assume periodic boundary conditions in the directions parallel to the interfaces. In the leads, the transfer matrix can be diagonalized analytically. If the number of mesh points in the plane perpendicular to the propagation is N, then the transfer matrix is of the size 4Nϫ4N. One half of the eigenvectors corresponds to the propagation to the left, and the second half to the right. Corresponding transmission and reflection matrices t and r are then of the size 2Nϫ2N. Factor 2 is due to polarization. Using the general form of the transfer matrix as given by Eq. ͑1͒ we express the transmission matrix explicitly as
where L and R are matrices 4Nϫ2N (2Nϫ4N) that contains the left ͑right͒ eigenvectors of left-going wave. For the frequency range of interest, transfer matrix has only one propagating mode for each direction. We find then the transmission coefficient as
with i, jϭ1 or 2 for the p or s polarized wave. The TMM has been previously 1 applied in studies of metallic structures, [3] [4] [5] 16 as well as in dielectric structures. In all these examples, the agreement between theoretical predictions and experimental measurements was very good. 1 Following the algorithm described by Pendry et al., 17 we have developed a new version of the transfer-matrix code. The main change from the standard algorithm commonly used in the PBG studies 13 is the faster normalization of the transmitted waves in the calculation of the transmission coefficient through the structure. 18 The TMM has been used to simulate the reflection and transmission from an array of square SRRs. Figure 1͑a͒ shows a diagram of a single square SRR of the type used for our simulations and for experiments. 15 In our case we have cϭdϭgϭ0.33 mm and the size of SRR wϭ3 mm. Figure  1͑b͒ shows a three-dimensional realization of the actual LHM that we have simulated. Figure 2 presents the results of the transmission versus freqency for the split ring resonators alone, and of the LHM, which consists of the SRRs with metallic wires placed uniformly between the SRRs. The square array of metal wires alone behaves as a high pass filter with a cutoff frequency c ϭ19 GHz. The cutoff frequency c of the metallic wires is given by c ϭc light /2aͱ⑀ 0 , where a is the distance between the wires, c light is the velocity of light in the air, and ⑀ 0 is the dielectric constant of the background. In our case a ϭ5 mm and ⑀ 0 ϭ1. The cutoff frequency is independent of either value of Re ⑀ m or Im ⑀ m of the metal, provided that either ͉Re ⑀ m ͉Ͼ1000 or Im⑀ m Ͼ1000. The dot-dashed curve is that of the SRR array with aϭ5 mm. By adding wires uniformly between the SRRs, a pass band occurs where both eff and ⑀ eff are negative ͑solid line͒. The transmitted power of the LHM is very high ͑close to one͒, because no Im ⑀ m is taken for the metal. We also studied more realistic cases with nonzero Im ⑀ m . We found that the resonance frequency 0 increases as ͉⑀ m ͉ increases and saturates to a value of 0 Ϸ8.5 as ͉⑀ m ͉→ϱ. This is clearly shown in Fig. 3 where we plot 0 versus the magnitude of ⑀ m ϭ⑀ r ϩi⑀ i . The resonance freqency is also sensitive to the permittivity of the board that the SRR is lying and of the embedding medium. We have found that 0 drops as the dielectric constant of the embed-FIG. 1. ͑a͒ The SRR consists from two splitted metallic rings located on a dielectric board. We approximate the rings by squares of size w. Other parameters, which influence the resonance frequency 0 , are the ring width c, the radial gap d, and the azimuthal gap g. ͑b͒ Configuration of the unit cell of a LHM. EM wave propagates along the z axis and the magnetic intensity is parallel to the SRR axis, which is the x axis. We assume periodic boundary conditions in the x and y directions. In the numerical simulations the unit cell is 5ϫ3.63ϫ5 mm and is divided to N x ϫN y ϫN z ϭ15 ϫ11ϫ15 small cells. This defines the length unit ϭ0.33 mm. The number of unit cells in z direction varies from 6 to 20, and is 9 for most of the cases presented here. The results presented in Fig. 2 are done by assuming that the permittivity of the metal ⑀ m had a large negative value. As one can see from Fig. 2 , the value of the transmission for the LHM is very close to one. This value drops considerable if one uses the fact that ⑀ m for the metal is complex. In Fig.  4͑a͒ we present results similar to that in Fig. 2 , with the only difference being the value of the Im ⑀ m . Notice that the position of the resonance peak is at the same value at around 7.8 GHz. Due to the nonzero Im ⑀ m there is considerable drop of the peak of the transmission for the LHM. We have not done a systematic effort to fit the experimental results of Smith et al. 8 In Fig. 4͑b͒ , we present new results of the frequency dependence of the absorption for either the SRR or the LHM. For the arrays of SRRs alone, we find that absorption has two peaks, shown as dashed lines in Fig. 4͑b͒ , while the LHM has only one absorption peak ͓shown as a solid line in Fig. 4͑b͔͒ at the center of its resonance frequency. This might be a reasonable way of identifying materials that are lefthanded and have both their ⑀ eff and eff negative. On the inset of Fig. 4͑b͒ we present the frequency dependence of the absorption as they were found for a simple model, using 6, 7 the following forms of the frequency dependence of the effective permittivity and permeability:
where p is the plasma frequency or cutoff frequency c of the wires, c ϭ p Ϸ19 GHz in our case. A negative eff accounts for the deep in the transmission in SRRs and its form 6,7 is given by
where F is the filling factor which is in our case close to 0.3 and 0 Ϸ7.9 GHz is the resonance frequency of the SRR. We used that ␥ϭ⌫ϭ0.2 GHz. There is very good agreement between the solution of present model and numerical simulations of real structures. Equations ͑4͒ and ͑5͒ enable us also to explain the difference between the absorption of SRR and LHM. The portion A of the field absorbed in the system is
where R is the reflection, ␣ is the absorption coefficient, and z is the length of the system. ␣ is proportional to the imaginary part of the refraction index. Owing to the form of Eqs. ͑4͒ and ͑5͒, both ␣ and 1Ϫexp(Ϫ␣z) possess a sharp maximum near the resonance frequency and are small far outside the resonance gap. This is true both for SRR and LHM. The main difference between the absorption of SRR and LHM is given by the first term in Eq. ͑6͒. In SRR, 1ϪR is close to unity for all frequencies outside the resonance gap, where 1ϪR is zero. The absorption A, given by the product in Eq. ͑6͒, is therefore nonzero only on the borders of the resonance gap where both functions are nonzero. 19 In contrast to SRR, 1ϪR possess a maximum inside the resonance gap. Then, absorption A should have therefore one maximum as shown in Fig. 4͑b͒ .
In Fig. 5 we present the typical results of the phase of the reflection for both the LHM and the array of SRRs. Obtained data are in qualitative agreement with that obtained from the homogeneous model given by Eqs. ͑4͒ and ͑5͒. Notice that there is a substantial difference in their characteristics. The   FIG. 4 . ͑a͒ Transmission through arrays of SRRs ͑dashed line͒ and through a LHM ͑solid line͒ with a complex permittivity for the metal. ͑b͒ Absorption versus frequency for the same system as shown in ͑a͒. Permittivity of metal is ⑀ϭϪ3000ϩi 100. Insert shows absorption in a composite system with a frequency dependent ⑀ eff and eff given by Eqs. ͑4͒ and ͑5͒. phase of reflection increases with frequency in SRR. In a LHM, the phase as a function of frequency possesses two extrema on the two sides of the resonance gap and decreases with the frequency inside the gap. We derived the same behavior of phase from the standard textbook formulas for the reflection, 20 if the frequency dependent permittivity and permeability follow relations ͑4͒ and ͑5͒.
We used an improved transfer-matrix method for numerical studies of complex meta-materials. Our numerical data of transmission confirms the presence of a resonant gap, in agreement with theoretical predictions and experiments. Our method enables us to analyze also the reflection and absorption of the light and also the change of the phase of the reflected field. We compare our numerical data that of a simple homogeneous model defined by effective permittivity and permeability ͓Eqs. ͑4͒, and ͑5͔͒ and found very good qualitative agreement either with numerical simulations or with theoretical predictions. 20 This supports our belief that for the frequencies in the resonance gap our structure possesses negative effective eff and negative effective ⑀ eff . Although our method does not allow us to vary the size parameters of SRR continuously, we are able to predict, at least qualitatively, how the position of resonance gap depends on various parameters of the system. We believe that generalization of our numerical method to nonhomogeneous discretization of space will enable us to analyze more realistic structures.
